We have developed a new statistical mechanical theory for wormlike chains and elastic rods which will account for deformations of bending, twisting, shear, and axial extension/stretching. We have derived a Fokker-Planck equation for Green's function. We have also obtained an exact expression for the mean square end-to-end distance. Our new theoretical model is the most general statistical mechanical model for wormlike chain polymers available to date. The Kratky-Porod wormlike chain and the Yamakawa-Fujii helical wormlike chain models are found to be special cases of this new model. This new theory may provide deeper understanding of recent experimental data regarding overstretching single DNA molecules.
I. INTRODUCTION
Recently, experiments on overstretching single DNA molecules have aroused much attention. Smith, Cui, and Bustamante 1 have done experiments on overstretching single molecules of double-stranded DNA with a force-measuring laser tweezer. Single DNA molecules have been stretched up to 170% of their relaxed length ͑or B-form length͒, and the force as a function of the end-to-end distance ͑also called extension͒ of DNA has been measured. When the stress was reduced to a critical value, the DNA molecules rapidly and reversibly contracted to their normal contour lengths. Other groups have also stretched double-stranded DNA far beyond its relaxed length using hydrodynamic or meniscus forces, leaving the stretched molecules adhered to a solid substrate. Thundat, Allison, and Warmack 2 observed -DNA on mica surfaces that had been stretched up to 180% of its relaxed length during deposition. Parra and Windle 3 have stretched DNA up to 200% of its relaxed length. Bensimon et al. 4 have reported DNA stretching up to 214% of its relaxed length.
In order to fit experimental data, people often use the statistical mechanics theory of the freely jointed chain ͑FJC͒ of orientationally independent Kuhn segments and/or the statistical mechanics theory of the Kratky-Porod wormlike chain. At low extension, Smith, Finzi, and Bustamante 5 found that the force vs extension data fit the theory of the freely-jointed chain fairly well. Bustamante, Marko, and Siggia 6 later showed that the same data fit the Kratky-Porod wormlike chain model fairly well up to modest extension. In these two cases of low and modest extension, the external force is primarily balanced by the entropic force ͑which results from the fluctuation in bending deformation͒. However, in cases of high extension ͑when the extension is closer to or bigger than the relaxed length of DNA͒, these theories no longer apply. 1, 2, 6 This is because the deformation of stretching ͑or axial extension͒ is not provided for by these two theories. The statistical mechanics theory of the YamakawaFujii helical wormlike coil does not apply at high extension, since it does not include the stretching deformation either. At high extension, the external force is primarily used to overcome the stretching elasticity.
A new statistical mechanics theory is needed which will include the deformation of stretching ͑or axial extension͒, as well as bending and/or twist, so as to explain the force vs extension data at high extension.
Such a theory may also be useful in other research related to single DNA molecules. For example, Yanagida, Hiraoka, and Katsura 7 have shown new techniques of visualization and manipulation of single DNA molecules. Electrophoresis of single fluorescent DNA molecules has been studied in gels by Schwartz and Koval 8 and in microlithographic arrays by Volkmuth and Austin. 9 Single fluorescent DNA molecules grafted to beads and manipulated by an optical tweezer have been used by Perkins et al. 10 to study the reptation and relaxation of polymers.
It is not unreasonable to envision that, in the near future, more complicated manipulations will be possible on single DNA molecules. The theories of conformational statistical mechanics of bendable, twistable, shearable and extensible elastic rods ͑or polymers͒ will be useful in explaining certain experimental phenomena related to single DNA molecules.
The purpose of this paper is to develop such a theory. First, to review the history. a͒ E-mail address: yms@holmium.cchem.berkeley.edu b͒ E-mail address: siqian@math.mit.edu In 1919, Rayleigh 11 found the solution to the problem of random flight, in which a particle undergoes Brownian motion ͑diffusion͒ in one-, two-, or three-dimensional space. This process is now also referred to as a ''random walk.'' Later the statistical mechanics of polymer chains was developed by Kuhn and others 12 based on Rayleigh's random flight concept, by replacing the chain with a number of links called statistical chain elements ͑known as Kuhn segments͒, whose orientations in space are assumed to be independent of each other. The asymptotic distribution function for the end-to-end distance for a polymer with a large number of Kuhn segments has a Gaussian form, which is a well-known solution of Rayleigh's random flight problem. 13 The model most widely used to describe the dynamics of flexible chains is the famous ''spring and bead'' model proposed originally by Rouse 14 and Bueche. 15 The dynamical and mechanical consequences of this model have been revealed mainly by Zimm, 16 who applied it to the viscoelasticity, flow birefringence, and dielectric relaxation of dilute polymer solutions.
Real polymer chains are never totally flexible, especially when viewed on a short-length scale or when high-frequency phenomena are measured. A variety of theoretical models has been proposed to describe the statistical mechanics of the stiff ͑or semiflexible͒ polymer chains. The most well-known model among them is the wormlike chain model of Kratky and Porod, 17 who in 1949 introduced an isotropic bending constant to a uniform rod and derived an exact expression for the mean-square end-to-end distance, ͗R 2 ͘, for such wormlike chains. Daniels 18 gave an extensive treatment of this problem and reached a number of important conclusions, which includes an asymptotic distribution function now known as Daniels distribution function. Hermans In the 1960s, people began to generalize the KratkyPorod wormlike chain model by introducing other kinds of motion, e.g., stretching ͑or extension͒, into the model. Harris and Hearst 21 considered an analytically tractable statistical mechanics and dynamics model for stiff polymer chains. In addition to taking into account the bending stiffness as in the Kratky-Porod model, they introduced a Lagrange multiplier to make their theory valid for chains of constant contour length. This Lagrange multiplier played the role of a special and controversial longitudinal stretching constant. Saitô, Takashashi, and Yunoki 22 showed that the configurational statistics of the Kratky-Porod wormlike chain is equivalent to a particle engaging in a random walk on a sphere ͑S 2 ͒. In the same paper, they also wrote an elastic energy term for a wormlike chain ͑represented by a space curve r(s) where s is the contour parameter͒ with both bending and stretching constants. Soda 23 showed, in a careful derivation, the explicit form that the elastic energy must have for a space curve possessing both bending and stretching elasticity. His elastic energy is mathematically equivalent to that of Saitô, Takashashi, and Yunoki. However, this elastic energy term is not quadratic in the s derivative of the position vector, ‫/ץ͑‬ ‫ץ‬s͒r(s), and thus the resulting Fokker-Planck equation is very difficult to solve. Freed 24 described the wormlike chain by a Wiener integral with an effective extension energy term, which turned out to be the same as that of Harris and Hearst. Fixman and Kovac 25 considered a more general modification by introducing an external potential ͑ϪR-F͒ with an external force F acting on the end-to-end vector R so that it contributes a term like ͑Ϫu-F͒ ͓where uϭ͑‫ץ/ץ‬s͒r, RϭrϪr 0 ͔ to the Fokker-Planck equation. Bawendi and Freed 26 developed another Wiener integral model for the stiff polymer chain following the approach of Bixon and Zwanzig. 27 Lagowski, Noolandi, and Nickel 28 presented a modified probability distribution for a single chain with a modification that suppresses the end fluctuations. Winkler and Reineker, 29 together with Harnau, 30 calculated the partition function both for the discrete and continuous Gaussian chains with constraints, and for the stiff molecular chains using the maximum entropy principle. None of these models, however, was as successful in dealing with the stretching and bending motions of the polymer chain as the Kratky-Porod model had been in treating bending.
Recently Kholodenko 31 has discovered that a new semiflexible polymer model is directly connected to the Dirac propagator, G͑k,s͒ ͓which is the Fourier transform of the distribution function G͑R,s͔͒, so that the rigid-rod to random-coil transition can be associated with the transition from the ultrarelativistic to the nonrelativistic limits of the Dirac propagator. Because the Dirac propagator G͑k,s͒ can be obtained in closed-form expression, Kholodenko was able to obtain closed-form results for the mean-square end-to-end distance, ͗R 2 ͘, the scattering function, S͑k͒, the mean reciprocal distance, ͗R Ϫ1 ͘, etc. Using figures from numerical calculations, Kholodenko 32 was also able to reveal the differences between the quantities obtained from Kholodenko's polymer model and those from the Kratky-Porod wormlike chain model.
One thing that Refs. 12-32 have in common is that only the vector r(s) ͑with 0рsрL͒, or its discrete version r n ͑with 0рnрN͒ is used to described the geometrical shape of the polymer chain. As we will show later, vector r(s) and its s derivatives are not good variables for representing the deformations of bending and stretching ͑or axial extension͒.
Starting in 1978, statistical mechanical theories of polymers have also attempted to generalize the Kratky-Porod wormlike chain model by introducing motions other than bending and extension, e.g., torsion and twisting. Bugl and Fujita 33 considered a theory for a polymer chain with elastic energy terms quadratic in both curvature and geometric torsion of the curve. In a series of papers, Yamakawa 34 and his collaborators Fujii, Shimada, Nagasaka, and Yoshizaki, after modifying the elastic energy expression of Bugl-Fujita, developed in great detail a model which they refer to as the helical wormlike chain model. They considered twist deformation in addition to bending ͑twist being a motion in which the circular cross section of a polymer rotates with respect to the centerline of the polymer͒. The elastic energy expression for this model was adapted from that for the Kirchhoff elastic rod. 35 In the case of the helical wormlike chain or Kirchhoff elastic rod, the knowledge of the position vector r(s) alone is not enough to determine the configuration of an isotropic elastic rod with circular cross section; one more unit vector d(s), normal to the tangent vector u(s), needs to be introduced. In the mechanics community, this kind of model is often referred as a ''directed curve'' model for the elastic rod. 36 The Kratky-Porod theory is a highly successful treatment of the deformation of bending in the elastic rod. The Yamakawa-Fujii theory, which adds the deformation of twisting, is equally rigorous. However, there is no rigorous statistical mechanical theory in the literature which successfully adds the deformation of stretching/extension either to the Kratky-Porod model or to the Yamakawa-Fujii model. In the present paper, we develop such a theory that deals properly with the deformations of bending, twisting and extension, as well as with shear of the elastic rod. The KratkyPorod wormlike chain and the Yamakawa-Fujii helical wormlike chain models are found to be special cases of our new model. The present work is based on our recent study of the equilibrium configurations of the elastic rod which may undergo deformations of bending, twisting, shear and extension. 37 We have found closed-form stationary solutions for the position of the centerline and the orientation of the cross section of the elastic rod. The observation that is most relevant to this paper is the elastic energy form ͓cf. ͑2.6͒ below͔ which we adapted from the mechanics literature. This elastic energy is quadratic in all strain variables, which are used to describe the deformations of bending, twisting, shear, and extension of the elastic rod. This realization permits us to derive a Fokker-Planck equation for Green's function and to provide a solution to the equation.
The excluded volume effect will not be discussed in this paper. Excluded volume effects for the polymer chain were first discussed by Kuhn, 12͑a͒ , with more modern developments by Flory, 38 de Gennes, 39 and Edwards. 40 A great deal of work has been done on this problem, and a detailed exposition can be found in the monographs by Flory, 41 de Gennes, 42 Doi and Edwards, 43 and Wiegel.
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Organization and scope
In Sec. II we begin with a brief overview of the configuration space and elastic energy of the elastic rod in threedimensional space ͑3D͒. With the help of Fig. 1 , we also explain the meaning and the mathematical representation of deformations of bending, twisting, shear, and extension.
In Sec. III, we present a derivation of the differential equation for Green's function, the Fokker-Planck equation. We also mention the difference between this equation and the diffusion equation for a rigid body undergoing translational and rotational diffusion ͑Brownian motion͒ in threedimensional space ͑3D͒.
In Sec. IV, we present the exact expression for moments like ͗R 2 ͘ etc., in 3D. From Sec. V to Sec. VII, we restrict ourselves to the special case of our statistical mechanical theory of the elastic rod, the two-dimensional ͑2D͒ case, because in 2D the only deformations are of bending, extension, and shear, and we can better understand the interaction among these deformations. A physical understanding of such interplay, having long been sought, can be revealed most lucidly in 2D.
In Sec. V, we briefly discuss the configurational space of the elastic rod in 2D. We then write down the 2D FokkerPlanck equation and present an exact expression for moments like ͗R 2 ͘ etc. In Sec. VI, we solve the 2D FokkerPlanck equation for Green's function and express the solution in terms of an infinite series. In Sec. VII, we present the asymptotic Green's function for the very long elastic rod ͑i.e., in the coil limit͒ and the Daniels-like distribution function in 2D. In Sec. VIII, we show how to include an external potential of Fixman-Kovac type in our formulation.
In Appendix A, we solve the 3D Fokker-Planck equation for Green's function and express the solution in terms of an infinite series. In Appendix B, we derive a recurrence formula for the moments ͑averaged quantities͒ in 3D. In Appendix C, we derive a recurrence formula for the moments in 2D and consequently present an exact expression for ͗R 4 ͘ etc. In Appendix D, we present the second approximation to the asymptotic Green's function for the very long elastic rod ͑i.e., in the coil limit͒ and the Daniels-like distribution function in 2D.
II. THE CONFIGURATIONAL SPACE AND ELASTIC ENERGY OF THE ELASTIC ROD IN 3D
We treat the double-stranded DNA as well as other wormlike polymer chains as a bendable, twistable, extensible, and shearable thin homogeneous elastic rod with circular cross section, characterized by a Young's modulus, E, a shear modulus, G, and a radius of cross section, r rod . Here and elsewhere in this manuscript terms like ''DNA,'' ''wormlike chain,'' ''wormlike polymer,'' and ''rod'' have roughly the same meaning, as do ''centerline of the rod,'' ''axis of the chain,'' and ''axis of the DNA.'' At each point, s, on the centerline, r(s), of the thin rod, a localized Cartesian coordinate frame ͑rod frame͒ ͕ê 1 (s),ê 2 (s),ê 3 (s)͖ is affixed with unit vectors ê 1 (s) and ê 2 (s) in the directions of the principal axes of inertia of the cross section ͑cf. Fig. 1͒ . The third unit vector is determined by ê 3 (s)ϭê 1 (s)ϫê 2 (s). In this paper, all unit vectors are denoted by the symbol (ˆ). Because shear deformations of the rod are allowed, the unit vector ê 3 (s) does not necessarily coincide with the tangent vector u(s) of the centerline of the rod, whereas ê 3 (s) always coincides with u(s) for the unshearable rod ͑with deformations of bending, twisting, and extension only͒. Unit vectors ê ␣ ͑hereafter ␣ϭ1,2,3͒ in the rod ͑or material or body fixed͒ frame are related to the unit vectors â ␣ in the lab ͑or inertia or space fixed͒ frame via a Euler rotation matrix ⌳͑,,͒; namely
where we choose 
Since rR 3 ͑three-dimensional real space͒ and ⌳SO͑3͒ ͑three-dimensional rotation space͒ the configuration space of the rod is SE͑3͒ϭR 3 ϫSO͑3͒. The orientation of the localized coordinate frame at sϩ⌬s is obtained by an infinitesimal rotation ⌬⌽ϭ͕⌬,⌬,⌬͖ of the coordinate frame at s. The velocity of the rotation is the Darboux vector , which is defined as
Hereafter, the over dot denotes differentiation with respect to s. We can express ␣ in terms of Euler angles ͑,,͒ and their s derivatives 1 ϭϪ sin cos ϩ sin , 2 ϭ sin sin ϩcos , ͑2.3͒
The vector is related to the Euler matrices ⌳ and ⌳ via its second rank antisymmetric tensor counterpart , namely,
where ⌳ T is the transpose of ⌳. Thus we have ê ␣ ϭ ؋ê ␣ . The parameter s, usually chosen as the arclength parameter for the undeformed ͑or relaxed͒ rod, is no longer the arclength parameter for the deformed rod, s(s), since there are deformations of shear and extension. The relative position of the localized coordinate frame at sϩ⌬s is obtained by an infinitesimal translation, ⌬r of the coordinate frame at s. The velocity of the translation is the tangent vector u(s) which is defined by uϭu 1 e 1 ϩu 2 e 2 ϩu 3 e 3 ϭ lim ⌬s→0 ͑ ⌬r/⌬s ͒ϵṙ.
͑2.5͒
The current arclength of the deformed rod, s(s), is then given by s(s)ϭ͐ s 0 ͉u(t)͉dt. We identify symbols ͕ 1 , 2 ; 3 ; u 1 ,u 2 ;u 3 Ϫ1͖ with the deformations: bending ͑ϫ2͒; twisting; shear ͑ϫ2͒; axial extension. When u 1 ϭu 2 ϭ0, the rod becomes unshearable. If u 3 ϭ1, then the rod becomes inextensible as well. Both cases are called the Kirchhoff-Clebsch elastic rod. 45 At a given position ͑say sϭs 1 ͒ along the centerline, there is a cross section upon which internal forces are exerted. One side of the cross section (sϽs 1 ) acts on the other side (sϾs 1 ) and vice versa. The internal forces are resolvable into a force N͑s 1 ͒ and a torque M͑s 1 ͒. At each cross section such a force and torque may be found, giving rise to functions N(s) and M(s) describing a system of stresses on the rod.
The stresses M and N are given by Mϭ‫ץ‬⌿/‫ץ‬ and Nϭ‫ץ‬⌿/‫ץ‬u, where ⌿(s) is the elastic energy ͑or store energy͒ density. For small local deformations of the thin rod, we assume that the linear elastic laws apply and consequently use the following quadratic form for the elastic potential energy of an homogeneous rod with circular cross section:
where
ϭ1, B 2 ϭB 1 , T is the temperature, and k B is the Boltzman constant. The unit of constants ͑A ␣ ͒ Ϫ1 and B ␣ ͑␣ϭ1,2,3͒ is length.
One would generally require that u 3 ϭu-ê 3 Ͼ0 be satisfied for all motions, so that a section of the rod of positive length cannot be compressed to zero length. Since we are only concerned with small local deformations of the thin rod and hence use the quadratic elastic energy, we can ignore the constraint u 3 ϭu-ê 3 Ͼ0. The quadratic elastic energy of ͑2.6͒ will become invalid before u 3 reaches zero. Such a large deformation of contraction ͑negative extension͒ is energetically so unfavorable that it makes no significant contribution to the dynamics.
We now explain the meaning of all the material constants that appear in ͑2.6͒. In ͑2.6͒
. The quantity E is Young's modulus, G is the shear modulus, and A rod ϭr rod 2 is the area of the cross section of the rod. The quantities I 1 and I 3 are products of inertia, and they are calculated 46 by I 3 ϭ2I 1 ϭ͑A rod ͒ 2 /2. Poisson's ratio vЈ of the elastic rod is given by (1ϩvЈ)ϭE/(2G). Poisson's ratio vЈ is usually a positive quantity and satisfies 0рvЈр1/2 for ordinary materials.
The undeformed state of the rod is assumed to have no intrinsic bending, shear, and extension. The quantity 3 ͑0͒ is the intrinsic twist. ͑The DNA duplex helix contains 10.4 basepairs per turn for which 3
͑0͒
ϭ1.78 radian/nm.͒ In order to preserve the symmetry between symbols ␣ and u ␣ , we use u 3 ͑0͒ instead of 1 in Eq. ͑2.6b͒. If one also wants to assume that the undeformed state of the rod has no intrinsic twist, then 3 ͑0͒ must be set equal to zero.
III. THE DERIVATION OF THE DIFFERENTIAL EQUATION FOR GREEN'S FUNCTION
We now follow Saitô and Namiki 47 and Yamakawa and Shimada 48 
͑3.1͒
The integration is carried over all the configurations of the rod.
The first step in this direction is to express the Lagrangian, Lϭi⌿, in terms of the generalized coordinates and generalized velocities. The generalized coordinates for deformations of bending and twisting are chosen to be three Euler angles ͑,,͒. The corresponding generalized velocities are ( , , ). For convenience we choose ͑ 1 , 2 , 3 ͒ of ͑2.3͒ as our generalized velocities. We also choose (x 1 ,x 2 ,x 3 ), three Cartesian components of vector r in the lab frame, as our generalized coordinates.
Since rϭx 1 â 1 ϩx 2 â 2 ϩx 3 â 3 , we obtain ṙϭẋ 1 â 1 ϩẋ 2 â 2 ϩẋ 3 â 3 . Using Eqs. ͑2.1a͒, ͑2.5͒ and uϵṙ, we obtain
where the superscript T stands for a matrix transpose operation. By substituting Eq. ͑3.2͒ into Eq. ͑2.6b͒, we can express the Lagrangian L in terms of the generalized coordinates ͑x 1 ,x 2 ,x 3 ,,,͒ and the generalized velocities ͑ẋ 1 ,ẋ 2 ,ẋ 3 , 1 , 2 , 3 ͒.
Once the linear velocities ẋ ␣ and the angular velocities ␣ are chosen, the corresponding linear momenta p ␣ and the angular momenta J ␣ are given by
The determinant of matrix M is found to be det͑M͒ϭ(8iB 1 B 2 B 3 ) Ϫ1 . From Eqs. ͑3.3͒ and ͑3.4͒ we can also express ␣ and ẋ ␣ in terms of J ␣ and p ␣ ; namely,
where the inverse of matrix M is found to be
Expressions ͑3.7͒ and ͑3.8͒ will be useful when one wants to calculate the average values of the elastic energies related to the deformations of bending, twisting, extension, and shear.
The Hamiltonian H is defined as
We substitute Eqs. ͑3.3͒, ͑3.4͒, ͑3.7͒, and ͑3.8͒ into Eq. ͑3.10͒, using Eq. ͑3.9͒ to simplify the result, and after a long calculation, we obtain
In Eq. ͑3.11͒ the symbol J stands for the total angular momentum, and J 2 is given by J 
We now define two operators p and J as p ϭϪiٌ r and J ϭϪiٌ ⍀ , where
and where
Using 
14d͒
In Eq. ͑3.14a͒ ␦͑⍀Ϫ⍀ 0 ͒ stands for ␦͑Ϫ 0 ͒␦͑cos Ϫcos 0 ͒␦͑Ϫ 0 ͒. Thus we have derived the differential equation for G͑r,⍀,s͉r 0 ,⍀ 0 ,s 0 ͒. If 3 ͑0͒ and u 3 ͑0͒ were set to zero and s were viewed as time, then Eq. ͑3.14͒ is a diffusion equation which describes a rigid body undergoing translational and rotational diffusion. 43, 49 The quantities ⌰ and D play the roles of the rotational diffusion constant matrix and translational diffusion constant matrix, respectively. The translational and rotational diffusion equation for a rigid body plays an important role in the dynamic light scattering and has been studied extensively. [48] [49] [50] [51] [52] It is possible to use some of the techniques for solving the rigid body diffusion equation to solve this Fokker-Planck equation.
We can easily generalize our model by including intrinsic bending, shear and extension and by incorporating A 2 A 1 and B 2 B 1 . The resulting Green's function still satisfies ͑3.14a͒, but the definition of a 0 should be replaced by
Correspondingly the ⌿ in Eq. ͑2.6b͒ should be replaced by Yamakawa and Fujii 34͑a͒ and solved by Yamakawa, Fujii, and Shimada. 34͑b͒ We have followed their lead and solved our Eq. ͑3.14͒. But the mathematics is involved, and we have presented our detailed solution in Appendix A.
In Appendix A we also show the difficulty of obtaining asymptotic solutions. For example, if one wants to obtain the asymptotic Green's function in the coil limit, a matrix at least of size 10ϫ10 must be inverted, which is a very difficult task.
In Sec. IV below we will calculate some simple moments for the bendable, twistable, shearable, and extensible elastic rod in 3D, which does need knowledge of Green's function.
IV. MOMENTS IN 3D
In this section we will calculate from Eq. ͑3.14͒ some benchmark moments of the bendable, twistable, shearable, and extensible elastic rod; namely, the mean square end-toend distance, ͗R 2 ͘ and the mean-square radius of gyration,
In Appendix B we will derive, following Hermans and Ullman 19 and Yamakawa, Fujii, and Shimada, 34͑b͒ a recurrence formula for the bendable, twistable, shearable and extensible elastic rod in 3D.
Since r 0 and s 0 do not appear in Eq. ͑3.14a͒ explicitly, we may rewrite Eq. ͑3.14a͒ in terms of the variables RϭrϪr 0 , LϭsϪs 0 , ⍀, and ⍀ 0 ; namely,
We multiply both sides of ͑4.1͒ by an arbitrary function M ͑R,⍀,L͒ which is periodic in ⍀ ͑i.e., 2 periodic in and , and periodic in .͒ We then integrate the resulting equation with respect to variables ⍀ 0 , ⍀, and R, obtaining 
͑4.3͒
Denote 
In deriving ͑4.4͒-͑4.5͒ we have used relations " ⍀ 2 ê ␤ ϭϪ2ê ␤ and ͑ê ␣ -" ⍀ ͒ê ␤ ϭ͚ ␥ϭ1 3 ⑀ ␣␤␥ ê ␥ . The inverse Laplace transform of Eqs. ͑4.4͒ and ͑4.5͒ gives the desired exact formulas for the following moments:
The mean square radius of gyration, ͗R g 2 ͘, defined as
It can also be shown that ͗R-ê 1 ͘ϭ͗R-ê 1 ͑ 0 ͒ ͘ϭ0, and ͗R-ê 2 ͘ϭ͗R-ê 2 ͑ 0 ͒ ͘ϭ0, ͑4.9͒
where the elements of matrix C are defined as C ␣␤ ϵ͗ê ␣ •ê ␤ ͑0͒ ͘ where indices ␣ and ␤ run 1,2,3.
In Eq. ͑4.7͒ we notice that the deformations of shear and extension only contribute terms linear in L to the meansquare end-to-end distance, ͗R 54 The number of 75 nm, often used in numerical calculations, 55 leads to a negative Poisson ratio, a physical situation which has not been observed for ordinary macroscopic rodlike materials. We choose the value of 50 nm because it leads to the realistic value of zero for the Poisson ratio and because the measured value of the twist constant in our hands is ͑46Ϯ5 nm͒. 54͑c͒ However, the major conclusion of our paper does not depend on the particular value of ͑2A 3 ͒ Ϫ1 as long as it is within the range of 40 to 100 nm. If we also choose the temperature to be Tϭ300 K, then Young's modulus E, the shear modulus G, Thus as long as the length of the DNA is bigger than or equal to its radius, i.e., Lуr rod ϭ1 nm, we have Lӷ4B 1 ϩ2B 3 , which means ͑a͒ DNA is quite stiff with respect to deformations of shear and extension and ͑b͒ the limiting case ͑3͒ above will not apply to DNA.
V. DIFFERENTIAL EQUATIONS AND MOMENTS IN 2D
We now discuss the 2D case of our statistical mechanical theory for the elastic rod. In 2D the elastic rod has a single degree of freedom for each of the three deformations: bending, shear, and extension. The lower dimensionality of the 2D case simplifies the mathematics of our theory compared to the 3D case. The 2D case may be directly applicable to single molecule microscopic fluorescent detection. 7 For an elastic rod in 2D, we use a vector rϭx 1 â 1 ϩx 2 â 2 to represent the position of the center of the cross section ͑denoted by the line PQ in Fig. 2͒ at contour position s. Unit vectors â 1 and â 2 denote the Cartesian lab frame. The orientation of the cross section at position s is determined by an angle (s). Since rR 2 ͑two-dimensional real space͒ and S 1 ͑one-dimensional rotation space, or a circle͒ the configuration space of the rod is SE͑2͒ϭR 2 ϫS 1 . Unit vector ê is normal to the cross section ͑line PQ in Fig. 2͒ and unit vector ê is parallel to the cross section ͑line PQ͒. They are related to unit vectors â 1 , and â 2 via ê ϭcos â 1 ϩsin â 2 and ê ϭϪsin â 1 ϩcos â 2 . The rate of bending deformation is described by . If we denote u to be the tangent vector, i.e., uϭ͑‫ץ/ץ‬s͒r, then the rates of extension and shear deformations are described by u Ϫ1 and u , respectively, where u ϭu-ê and u ϭu-ê . The elastic energy analogous to ͑2.6͒ is given by
͑5.1a͒
where for convenience we use symbols ͑,,͒, having units of lengths, to represent the mechanical constants 
͑5.2͒
The derivation of the 2D Fokker-Planck equation for Green's function G͑r,,s͉r 0 , 0 ,s 0 ͒ is similar to that shown in Sec. III and is therefore omitted here. The resulting equation is
where the symbol " r stands for â 1 ‫‪x‬ץ/ץ͑‬ 1 ͒ϩâ 2 ‫‪x‬ץ/ץ͑‬ 2 ͒. In Eqs. ͑5.1b͒ and ͑5.3b͒ the quadratic term associated with Ϫ1 represents the rod deformation of bending, the quadratic term with represents shear, and the quadratic term with represents extension. When and are set to zero, Eq. ͑5.3͒ becomes the Fokker-Planck equation for the Kratky-Porod wormlike chain in 2D.
Since r 0 and s 0 do not appear in Eq. ͑5.3b͒ explicitly, we may rewrite Eq. ͑5.3͒ in terms of the variables RϭrϪr 0 , LϭsϪs 0 , , and 0 ; namely,
Hermans and Ullman 19 and subsequently Yamakawa, Fujii, and Shimada 34͑b͒ realized that one can derive a recurrence formula for any desired moment. Thus exact formulas for these moments can be obtained without knowledge of Green's function G͑R,͉ 0 ,L͒. However, the recurrence formula truncates only for certain types of moments ͑like ͗R 2 ͘, ͗R 4 ͘, ͗R-ê ͘, and ͗͑R-ê ͒ 2 ͘ etc.͒ In Appendix C, we show that such a recurrence formula can also be readily derived for the bendable, shearable and extensible elastic rod in 2D. But here we just want to calculate some simple moments, like ͗R 2 ͘, ͗R-ê ͘, and ͗R-ê ͘. We multiply both sides of Eq. ͑5.4a͒ by an arbitrary function M ͑R,,L͒ where M ͑R,,L͒ is 2 periodic in . We then integrate the resulting equation with respect to variables 0 , , and R, obtaining 
, and R-ê ͑0͒ , respectively, and using relations ‫‪͒ê‬ץ/ץ͑‬ ϭê , ‫‪͒ê‬ץ/ץ͑‬ ϭϪê , ͗1͘ p ϭ p Ϫ1 , ٌRϭ1 ͑1 being the 2D identity matrix͒ to simplify the results, then we obtain
The inverse Laplace transform of Eqs. ͑5.7͒-͑5.10͒ gives the desired exact formulas for the following moments: One can readily see the head-tail symmetries in Eqs. ͑5.8͒, ͑5.9͒, ͑5.12͒, and ͑5.13͒. One can also obtain other angular moments like
VI. GREEN'S FUNCTION IN 2D
In this section we solve Eq. ͑5.4͒, the differential equation for Green's function in 2D. It is convenient to introduce the characteristic function I͑q,͉ 0 ,L͒, i.e., the Fourier transform of G͑R,͉ 0 ,L͒ with respect to R,
so that Eq. ͑5.4͒ becomes
͑6.2͒
The Laplace transform ͑with respect to L͒ of Eq. ͑6.2͒ becomes
͑6.3͒
Letting qϭâ 1 q cos q ϩâ 2 q sin q , ␣ϭϪ q , and ␣ 0 ϭ 0 Ϫ q , we can rewrite Eq. ͑6.3͒ as 
.7͒ can be expressed in matrix notation as
where the elements of the matrices 1 and W are defined as ͑1͒ m,n ϭ␦ m,n and W m,n ϭg m,n . The elements of matrices W 0 and V are defined as
.8͒ can be rewritten as
which can be formally solved in an infinite series,
The resummation of Eq. ͑6.12͒ resembles the famous Dyson equation
If we set the upper bound of numbers ͉m͉ and ͉n͉ to be M , then we find out that the matrices W 0 , W, and V have a dimension of ͑2M ϩ1͒ by ͑2M ϩ1͒. Equation ͑6.13͒ may be solved by using the standard Born approximation method. This completes, in principle, the solution for Ĩ(q,␣͉␣ 0 ,p). Let Rϭâ 1 R cos R ϩâ 2 R sin R . Green's function is then given by the inverse Fourier transform and the inverse Laplace transform of Ĩ(q,␣͉␣ 0 ,p). Using Eq. ͑6.6͒, we obtain
where g m,n (q,L) is the inverse Laplace transformation of g m,n (q,p). Integrating over the range of q , we obtain
͑6.15b͒
The Daniels-like distribution function can be obtained by integrating Eq. ͑6.15a͒ over the range of 0 ; namely
The distribution function for R can then be readily obtained by integrating Eq. ͑6.16͒ over the range of ; namely,
VII. THE ASYMPTOTIC GREEN'S FUNCTION IN THE LONG ROD (OR COIL) LIMIT IN 2D
In this section, following Daniels, 18 we shall find the asymptotic Green's function for long elastic rods in 2D, since we are unable to find the exact Green's function in closed form. When L becomes large ͓i.e., Lӷmax͑,,͔͒, one expects intuitively that the distribution will approach the Gaussian distribution with R 2 ϭO(L). It is therefore reasonable to investigate an approximation to g m,n (q, p) for small p and q with pϭO(q 2 ). To indicate the order of the approximations, let L denote a typical value of L. The quantity L Ϫ1/2 , being small, is our expansion parameter. Terms which are O( p n ) or O(q 2n ) are taken to be O(L Ϫn ) in the sense that after the change of scale LϭLЈL, RϭRЈL 1/2 , L Ϫn appears explicitly as a factor in such terms, the corresponding variables LЈ, RЈ being O͑1͒ in L. The mechanical constants ͑,,͒ are O͑1͒.
For simplicity we set M ϭmax(m,n)ϭ1 in the remainder of this section and calculate the first approximation to the asymptotic Green's function in the coil limit. The second approximation with M ϭmax(m,n)ϭ2 is more involved and is discussed in detail in Appendix D.
Setting M ϭmax(m,n)ϭ1, we find that all matrices in ͑6.11͒ are truncated to be of dimension 3ϫ3. We ͑a͒ solve the matrix W by inverting the matrix ͓͑W 0 ͒ . The final results for g m,n (q,p) are ͑with ⑄ϵϩϩ͒:
The inverse Laplace of Eqs. ͑7.1͒ and ͑7.2͒ is
͑7.5͒
Substituting Eqs. ͑7.4͒ and ͑7.5͒ into Eq. ͑6.15b͒ and completing the integration of q, we obtain the desired expression for G m,n (R,L)
͑7.7͒
Substituting Eqs. ͑7.6͒ and ͑7.7͒ into Eq. ͑6.15a͒, we obtain the first approximation to Green's function in the coil limit
The Daniels-like distribution function can be obtained by integrating Eq. ͑7.8͒ over the range of 0
At this order of the approximation, we notice that and appear only through ⑄ϵϩϩ, which might be considered as an effective Kuhn length. When ϭϭ0, Eq. ͑7.9͒ reduces to the first Daniels distribution.
VIII. CONCLUDING REMARKS
We have developed a new statistical mechanical theory for wormlike chains and elastic rods which will account for deformations of bending, twisting, shear, and axial extension/stretching. For both the three-dimensional ͑3D͒ and the two-dimensional ͑2D͒ cases, we have ͑1͒ presented the exact expressions for moments like ͗R 2 ͘, etc.; ͑2͒ derived recurrence formulas for the moments; and ͑3͒ solved the Fokker-Planck equations for Green's function and expressed the solutions in terms of an infinite series. We have also presented the asymptotic Green's function and Daniels-like distribution function for the very long elastic rod ͑i.e., in the coil limit͒ in 2D.
The natural next step is to find the asymptotic Green's function for the very long elastic rod ͑i.e., in the coil limit͒ in 3D and the asymptotic Green's function for the very short elastic rod ͑i.e., in the rigid rod limit͒ in both 2D and 3D. One may also calculate the scattering function, the mean square reciprocal end-to-end distance, etc.
In order to simplify the presentation of this paper, we have chosen not to include an external potential term in the previous sections. However, we do need to include such a term in the elastic energy, U of Eq. ͑2.14a͒, in order to apply this new theory to the experimental data on single DNA molecules which are extended in response to an external force.
We now show that the process of including an external potential of the Fixman-Kovac type is trivial. Following Fixman and Kovac, 25 we denote F to be the external force and add a term, ϪR-F, to the elastic energy, U of Eq. ͑2.6a͒. This is equivalent to adding a term, Ϫu-F to the elastic energy density, ⌿, of Eq. ͑3.16͒, and the new energy density ⌿Ј becomes
where ⌿ is given by Eq. ͑3.16͒. We may rewrite Eq. ͑8.1͒ as
where ͑with f ␤ ϭf-â ␤ and fϭ(k B T)
The resulting Fokker-Planck equation is thus found to be similar to Eq. ͑3.14͒; namely, ͩ ‫ץ‬ ‫ץ‬s ϩa ͪ G͑r,⍀,s͉r 0 ,⍀ 0 ,s 0 ;f͒
and where ⌰ and D are given by Eqs. ͑3.14d͒ and ͑3.14e͒, respectively.
We realize that the Fixman-Kovac's external force f in the Fokker-Planck equation ͑8.6͒ is analogous to the vector potential A in the Schrödinger equation for a charged particle in an external magnetic field. Solving this Fokker-Planck equation is one of our future goals. We remark that Odijk 56 considered a simpler model for stiff chains and filaments under an external force f, where bending and stretching deformations were the only motions accounted for.
Smith, Cui, and Bustamente 1 have performed recent experiments in which they have extended the contour length of -phage DNA molecules through the use of a laser tweezer to lengths longer than the relaxed contour length of its B-DNA contour length. There is a linear elastic response between the external force and the contour elongation until a clear structural transition occurs in the DNA. The theory developed in this paper should be applied precisely to this extended elastic elongation situation. The external stretching force has been successfully introduced in Eqs. ͑8.1͒-͑8.6͒. The limiting case of the highly stretched rod will be developed in a later manuscript.
The theory of this manuscript for the extensible, shearable, and bendable isotropic rod provides equations equivalent to those available for the inextensible, unshearable, but bendable rod ͑the Kirchhoff rod͒ in 1952. The theory predicts that the additional terms arising from shear and extension contribute to the configurational properties of DNA only under very special circumstances. These circumstances all involve the DNA under very strong external forces as is the case in the extension experiment utilizing the optical tweezer described above. The effects of shear and extension may also have significance in sharp DNA bending situations such as occur in the chromatin structure and also occur when many regulatory enzymes bind tightly to DNA ͑Molecular Matchmakers͒.
57
Note added in proof
After we submitted this paper to J. Chem. Phys., we received a preprint by Strick et al., which is now published in Science. 62 In the paper they reported new results on stretching and twisting linear DNA. During these experiments, the linear DNA remains torsionally constrained because of the presence of external torque.
We just want to point out that the process of including an external torque in our formulation is as straightforward as the inclusion of the external force of the Fixman-Kovac type. We denote (k B T) to be the external torque and add a term Ϫ(k B T)-to the elastic energy density ⌿Ј of Eq. ͑8.1͒. The new energy density ⌿Љ then becomes ⌿Љϭ⌿Ј Ϫ (k B T)-. It can be shown that the resulting FokkerPlanck equation is identical to Eq. ͑8.6a͒, provided that " ⍀ everywhere in Eqs. ͑8.6b͒ and ͑8.6c͒ is replaced by 
APPENDIX A: THE SOLUTION OF THE DIFFERENTIAL EQUATION FOR GREEN'S FUNCTION IN 3D
We now proceed to solve Eq. ͑3.14͒, the differential equation for the 3D Green's function G͑r,⍀,s͉r 0 ,⍀ 0 ,s 0 ͒. Since r 0 and s 0 do not appear explicitly in the operator a in Eq. ͑3.14͒, we may rewrite Eq. ͑3.14͒ in terms of the variables RϭrϪr 0 , LϭsϪs 0 , ⍀, and ⍀ 0 ; namely,
We denote G ͑q,⍀͉⍀ 0 ,L͒ the Fourier transform ͑with respect to R͒ of G͑R,⍀͉⍀ 0 ,L͒ and denote Ḡ ͑q,⍀͉⍀ 0 ,p͒ the Laplace transform ͑with respect to L͒ of G ͑q,⍀͉⍀ 0 ,L͒. The Fourier transform and subsequently the Laplace transform of Eq. ͑A1͒ becomes
Using spherical harmonic functions Y j,m we may express ͑ê 3 -q͒ in ͑A7͒ as
where ( q , q ) are the polar and the azimuthal angles of the vector q in the spherical coordinate lab frame, whereas ͑,͒ are the polar and the azimuthal angles of the unit vector ê 3 in the spherical coordinate lab frame.
Since the spherical harmonic functions Y j,m ͑,͒ are re-
we can rewrite Eq. ͑A8͒ as
Similarly we can express the quantity "ê 3 •q… 2 in Eq. ͑A7͒ as
We now expand the function ␦͑⍀Ϫ⍀ 0 ͒ in Eq. ͑A6͒ in terms of Wigner's D mk (l) functions as
We then expand Ḡ "q,⍀͉⍀ 0 ,p͒ in Eq. ͑A7͒ as
Hereafter the indices j and jЈ in the summation run 0, 
͑A17͒
In Eq. ͑A16͒ symbol ͗l 1 ,m 1 ;l 2 ,m 2 ͉l 3 ,m 3 ͘ stands for the Clebsch-Gordon coefficients. We first substitute Eqs. ͑A10͒-͑A13͒ into Eq. ͑A6͒ and use Eqs. ͑A14͒-͑A16͒ to simplify the results. We then multiply both sides of the resulting equation by
(⍀ 0 ) and integrate over ⍀ and ⍀ 0 , and after a long and tedious calculation, we finally obtain
2 jϩ1 ͫͩ then we can express Eq. ͑A18͒ in matrix notation as
where the elements of matrices 1 and W are given by
The elements of matrix W 0 are defined as
͑A27͒
The elements of matrix V are defined as
ϫ͗ jЉ,kЉ;2,0͉ j,kЉ͘ ͬ .
͑A30͒
Equation ͑A24͒ can be formally solved in an infinite series,
The resummation of Eq. ͑A31͒ resembles the famous Dyson's equation
If we set the upper bound of numbers j and jЈ to be j max , then we find out that, ␣ max ϭ ␣ max Ј ϭ 1 3 ( j max ϩ 1)(2j max ϩ 1) ϫ(2j max ϩ 3), i.e., the matrices W 0 , W, and V have a dimension of ␣ max by ␣ max . Equation ͑A32͒ may be solved by using the standard Born approximation method. This completes, in principle, the solution for Ḡ ͑q,⍀͉⍀ 0 ,p͒. The solution for G͑R,⍀͉⍀ 0 ,L͒ can then be obtained by inverse Laplace transform ͑with respect to p͒ and inverse Fourier transform ͑with respect to q͒ of Ḡ ͑q,⍀͉⍀ 0 ,p͒.
The simplest approximation is obtained by setting j max ϭ1, then we find ␣ max ϭ10. Thus if one wants to obtain the asymptotic Green's function in the coil limit, then a matrix at least of size 10ϫ10 must be inverted, a difficult task.
APPENDIX B: RECURRENCE FORMULA IN 3D
In this appendix we will derive, following Yamakawa, Fujii, and Shimada, 34͑b͒ a recurrence formula for the bendable, twistable, shearable, and extensible elastic rod in 3D.
We start with Eq. ͑4.3͒ of the main text
͑B1͒
Let us consider the average of the quantity of the form showed that
͑B7͒
Setting M in Eq. ͑B1͒ to be M l 1 ,l 2 ,l 3 (k) and using Eqs, ͑B2͒-͑B7͒ to simplify the results, we finally obtain a long recurrence formula for ͗M l 1 ,l 2 ,l 3 (k) ͘ p ; namely, 
APPENDIX C: RECURRENCE FORMULA IN 2D
In this Appendix, following Hermans and Ullman, 19 we derive a recurrence formula for the bendable, shearable and extensible elastic rod in 2D. We then use it to calculate some moments like ͗͑R-ê ͒ 2 ͘, ͑͘R-ê ͒ 2 ͘, and ͗R 
Substituting Eqs. ͑D8͒-͑D12͒ into Eq. ͑6.15b͒ and completing the integration of q, we obtain the desired expression for G m,n (R,L)
͑D18͒
In deriving Eqs. ͑D13͒-͑D18͒, we have used the integration formula
where m is an non-negative integer and the series terminates. Substituting Eqs. ͑D13͒-͑D19͒ into Eq. ͑6.14a͒, we obtained Green's function in the coil limit G͑R,͉ 0 ,L ͒ϭ ͩ The rest of the derivation follows in a way similar to the lower approximation.
